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1. INTRODUCTION

The aim of the present note is to extend to fields of arbitrary non-zero
characteristic the theorem on the connection between characters of the
center of the universal enveloping algebra of a classical Lie algebra and
weights of irreducible representations (Theorem 2). Unlike known prece-
dents we work completely in characteristic p (and do not use reduction
modulo p from characteristic zero, compare [2], [4], [10]). Hence for
characteristics between 2 and the Coxeter number our results are new,
at least for algebras of type different from A4,. At the same time our
approach is not constructive.

Three points should be emphasized in the present paper. First, we
consider our Lie algebras as Lie algebras of algebraic groups. The action
of the corresponding algebraic group gives to the object under study the
desired rigidity. Second, our argument, at least at crucial points, is local
in the sense that it uses only Lie sub-algebras and algebraic sub-groups
of type A1, normalized by some maximal torus. Third, most assertions
below are standard and the only points where & result is obtained by an
argument which seems to be not completely standard are Lemmas 4.2,
4.3, 5.2,

Let & be an algebraically closed field of characteristic p>0, ¥ be a
connected almost-simple algebraic k-group. For an algebraic group 5
we denote by H or by Lie 5 the Lie algebra of 5#, endowed with the
p-operation x — z{?l. Let now #Z (resp. # ™+, #°~, 7) be a Borel subgroup
of & (resp. the maximal unipotent subgroup of #, a maximal unipotent
subgroup opposite to #, the maximal torus normalizing # and A4™-).
We suppose (as we can) that all these groups are defined over F,. Put
B=Lie #, N+=Lie #+, N-=Lie /-, T=Lie 9. Let W be the Weyl
group of ¥ (with respect to .7), and let X(J) be the character group
of 7.

Attention: we denote throughout by the same letter the characters
of 7 (in particular roots of J in ¢ and ) and their differentials, con-
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gidered as linear forms on 7. However ¢ denotes the half sum of the
positive roots considered as element of X(7") (when it belongs to X(7),
cf. 2.4) and also the linear form equal to the half sum of the differentials
of all positive roots if p#2 or the differential of ¢ € X(J) if ¢ belongs
to X(J). The distinction between the former linear form and the differ-
ential of ¢ € X(7) is void if ¥ is simply connected.

For a vector space V over k& we put V*=Hom(V, k), S(V) stands
for the symmetric algebra of ¥V and k[V] for the ring of polynomials
on V. We denote by U(H) the universal enveloping algebra of a Lie
algebra H. Then we have U(G)=U(N-) @ UN*) ® U(T). We identify
U(T)(~ 8(T")) with k[T*]. Let Z be the center of U(G). Let further
B: U(T)— U(T) be the extension to U(T) of the map t —t+p(t), teT
(which is given in k[T*] by the simpler formula 8(p(1))=g¢(1+0), Ac T*,
pek[T*]). If ue U(G) is written in the form u=qo+ 3, ,u, u} ¢ with
P e k[T*(~U(T)), ufc UN=) and u u+#0, we put y1(u)=go. It is a
map y1: U(G) - U(T). Set y=pB oy1. Denote by 4A¥ the ring of #-
invariants of a ring 4 with an automorphism group 5. Our main result:

TuEOREM 1. Let either p#2 or g X(J). Then y(Z¥%)=U(T)¥ and
y: Z9 > U(T)V is a ring isomorphism.

Using now results of [3] (Cor. of Th. 3) one can get conditions under
which Z¥ is a ring of polynomials (cf. [10] for more results):

CoroLLARY. If p does not divide n+1 for Ay, 2 for By, Cp, Dy, 6 for
Ee, Eq, Gz, Fy, 30 for Eg then Z9 is a ring of polynomials.

Denote now by 2, the character (the homomorphism of Z into k) of
the irreducible representation of G with the highest weight 1 eT*. Let
W1 be the stabilizer of the image of A in the W-module T*(k)/T*(Ey).

TueorEM 2. Under the assumptions of Theorem 1 ome has x,=x, iff
u=w(A+g)—e for some we W,.

For any finite-dimensional k—%-module ¥V we denote by [V] its image
in the Grothendieck group of finite-dimensional k¥ — %-modules. Let M;
denote an irreducible k— %-module with the highest weight 1 e X(J),
the character group of . For each 4 € X(7), let V1 denote the reduction
from characteristic 0 of the standard irreducible module with the highest
weight A. The results below follow from [4], Th. 5.1.

THEOREM 3. Let moreover & be simply connected. If V is an indecom-
posable k—G-module and [V]=3, z g m[M,] then n,#0, n,#0 implies
that A+p = w(u+0) (mod p) for some we W. The module Vi is indecom-
posable. In particular, if Hom (Va, V,)#0 then A+p = w(u+p) (mod p)
for some we W.

Here o is considered as an element of X(J). For ¢ of type 4,
Theorem 3 is proved in ([2], Th. 3.8).
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Let now U, denote the universal Z-algebra, described for example in
[9] and let ¥V, be a U,-module which is irreducible as U, @ Q module.
Let V be a Uz-submodule in V and p;, ps, ..., pm be the prime divisors
of the torsion of V,/V,. The next result follows immediately from
Theorem 3.

CoROLLARY. Let 4, u be the highest weights of U, on V,[V,. Then there
exists a sequence of weights of Vg A=y, ..., us=p and a sequence of primes
iy, - D1, € D1, .., Pm} such that p+o0 = wy(up1+e) (mod py,) for some
Wy € w.

Our uttermost thanks are due to T. A. Springer who read the manu-
seript and made a number of corrections and ameliorations.

We are thankful also to J. E. Humphreys who read a preliminary
version of the note and asked us to give a complete proof of Theorem 4i
in Section 3. It led us to more results on the #-module G*, which we
included here since we thought that they have an independent interest
and might be used in future research. In particular those results have
enabled us to drop the assumption of non-degeneracy of the Killing form
in [11], Th. 2, c¢f. Theorem 5 in 3.13.

2. ON NORMAL AND PATHOLOGICAL BEHAVIOUR

Three questions are discussed in this Section. First the structure of
three-dimensional simple subalgebras, normalized by a maximal torus
(cf. 2.1). Second, the description of the kernel of W on T'=Lie J (cf. 2.3).
Third, the conditions under which ¢ belongs to T* (cf. 2.4).

Let X' be the root system of ¥ with respect to J. Let z(t), a € X,
be a parametrization of the root subgroup (isomorphic to G5) of ¢ corre-
sponding to «. We assume that the parameters ¢ agree with one another
in the standard manner. For « € X' we denote by %. the algebraic sub-
group of ¥, generated by xs(f) and x_.(t), ¢ € k. Then G, stands for Lie %..

2.1. ProrosrTioN. i) If ¥ 48 not isomorphic to SO(2n+1), n>1
PGL(2)~ 80(3), PSp(4) ~ SO(5),

then Do~ SL(2) for all x € X. If ¥ ~ 80(2n+1), n>1, then %, ~ SL(2)
tf « is a long root and G~ PGL(2) if « 18 a short rool.
i) If p+#2 or 9 s not isomorphic to SO(2n+1), then G. ~ Lie SL(2).

Proor. Let & be the universal covering of . Then the groups .
are simply connected (cf. [7], II, 5.4), i.e. .= SL(2). Let & be the
center of &. If C N &.=1, then the image &. of &. in ¥ is isomorphic
to @a~ SL(2). If O N Gax1, then 2/¢B, &), VBe X, ie. 28, a)/lx, ) € 27,
Ve (cf. [9], p. 43). The last condition holds only when « is a short
root of a root system X of type By, i.e. i) is proved.
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To prove ii) it is sufficient to note that Lie PGL(2) ~ Lie SL(2) if p+ 2
and apply i).

RemaRx. In the proof above the center C, the intersection ¢ N &,
and all isomorphisms are taken of course in the scheme-theoretic sense.

© 2.2. Let us consider now W as acting on 7' and let Zw(T') be the set
of elements of W which act trivially. Let w, stand for the reflection in
xe k.

Lemma. T*~X(7) @k (as W-modules).

Proor. Evidently X(J7) ® £ has the same dimension as 7'*. The
isomorphism is given by the differential (which turns each character of
J into a linear form on 7).

2.3. ProrosiTioN. i) If p+#2 then Zw(T)=1.

ii) If p=2 and ¥ ~ 8p(2n) (n>1), SO(n) (n>5), then Zw(T) is the
abelian normal subgroup of W consisting of ‘‘sign changes’.

iii) If p=2 and ¥ is not isomorphic to any one of the groups from ii),
then Zw(T)={+ 1} N W.

This Proposition is not used in the sequel except for illustrations (ef.
Sections 8, 9). So we only indicate how the proof can be conducted.
First of all if w € W is of prime order g, then there exists in 2 a w-invariant
subsystem ' of type 4,-1 on which w acts naturally. Using this fact it
can be easily checked that we Zw(T) only if p=2 and ¢=2. For
Ap(n>2, n+#3) and E,(n=6, 7, 8) the assertion is derived from the sim-
plicity of a big subgroup of W. Using the result for 4, and plates from
[1] one can check the validity of our assertion in the remaining cases.

2.4. Let us denote now by Z2X' the lattice of roots and by II the lattice
of weights of 2. Let g € IT be the half-sum of the positive roots and let
IT denote the lattice, generated by ¢ and ZZX in II.

ProposrrioN. i) IT=72% if X is of type Aom, Cam, Cam+3, Dim, Dams1,
GZ, F4) EG) ES-

ii) ﬁ=H T/f 2 s Of type Bm, C4d+1, 04d+2(d>0), E;.
iti) [T:ZZ]=2, IT+I1if Zis of type Aom-1(m>2), Dam+2, Damsa(m > 1).
iv) e T* if either p+2 or IT C X(T).

ProoF. Remark that [[T: ZZ]=1 or 2 since 20 € ZZ. Then use plates
from [1] giving the structure of II/Z2' and the expression of g in terms
of roots. So one obtains i)-iii). To obtain iv) remark that for p=2 iv)
follows from 2.2. If p+#2 then 2¢p € Z2' ® k and since 2 is invertible in &
our result is immediate.
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3. AcCTION OF % oN G*

We assume in this section that either p#2 or ¢ is not isomorphic to
80(2n+1), n>1. The aim of the section is to establish elementary
properties of the ¥-module G*.

It should be pointed out from the beginning that the properties of
the ¥-module G* are close to those of the Lie algebra of the adjoint group.
Hence our results resemble the results of [7], II. 3.17', IIL. 1.10, ete.
Some additional complications are caused by the absence of a Lie algebra
structure.

Let us denote by X the root system of ¥ with respect to I, by Zt,
2-, 4 the system of positive, negative and simple roots corresponding
to the choice of Borel subgroup %.

We choose a system of Chevalley generators {es, ha}, & € X, for Ga. It
follows from our assumptions on ¥ that [es, e ] = b, Fa>0 and x(hs)=2.
We consider T*, B*, N* as imbedded into G*. Namely T™*={l e G*:
Nt @ N-)=0}, B¥*={le G*: |(N+)=0}, N*={l e G*: [(B*)=0}.

For a reductive subgroup 5 of ¢, which contains a maximal torus
of ¥ denote by H* the subspace of G* consisting of ! € G* such that
l(ea)=0 if 4(t) ¢ 5. (This definition, given after T. A. Springer, doesn’t
depend on the choice of a maximal torus since all such tori are conjugate).
These embeddings are isomorphisms of the corresponding Ng(7)-, #-,
%- and s-modules respectively. We say that I € G* is semi-simple (resp.
nilpotent) if ¥-I1NT*%0 (vesp. ¥-1N N*+@). For an [ € G* a decom-
position I=1I,+1, is called a Jordan decomposition if there exists a g &
such that g-l; € T*, g-l, € N* and [g-ls(hs) #0 implies g-In(e+s)=0]. The
group N4(J) acts on T*. We denote by Z4(T*) the pointwise stabilizer
of T* (and T') and by W the factor-group Ng(J )/Zg(T) ~ W/Zw(T).
We set Q={leT* C G*:l(ha)#0, Vx € 2} (regular semi-simple elements)
and Q1={le Q:wl+l, Vio € W} (strongly regular elements, compare [8]).
Clearly Zw(l)=ZW(T), Vie Q.

Finally, we set P=Spec k[{G*]¥, and let ¢: G* — P be the map induced
by the inclusion k¥[G*]9 — k[G*].

THEOREM 4. Suppose that % is almost simple and that either p+2 or
G is not isomorphic to SO(2n+1), n>1. Then

i) The natural map k[G*)¥ — k[T*¥ induced by the imbedding T* — G*
18 an tsomorphism of algebras.

ii) Closed orbits are precisely orbits of semi-simple elements.

iii) An element 1 € G* is nilpotent iff P(1)=0 VP e k[G*]¥, N* is the
set of nilpotent elements of B*.

iv) Every l e G* admits a unique Jordan decomposition.

v) (T. A. Springer) For l € G* a decomposition l=1;+1, is a Jordan
decomposition if and only if 1, 18 semi-simple, 1y 18 nilpotent and l, € Z(ls)*.

vi) The complement of %-2 in G* i3 a divisor. If ¥ is simply connected,
trreducible components of that divisor correspond to lengths of roots of X
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(that s, it is irreducible for X of type An, Dyn, En and has two irreducible
components for X of type By, Cu, Fs, Gy).
vii) The support of the fibers of the map ¢: G* — P is irreducible.
The proof of the Theorem 4 is given in steps.

3.1. LeEMMaA. Let leT*.

i) Ze(l) and Zgk(l) are T -stable. In particular, there exists a closed sub-
system 21 C X such that Zg(l) is spanned by T and ex, x € Z1.

il) «€ 2y if and only if I(hs)=0.

iii) Zg(l) 18 reductive.

iv) Zg(l) =Lie Zg(l).

v) If gh=0 for li,lac Q2 and g G then ge Ngy(T).

Proor. The first assertion of i) is evident, and the second follows
from the first. If [(hs)# O,then e.-l(e—.)#0 whence ex ¢ Zg(l). If I(h)=0;
then we have e,-l(h)=I(les)=0 for all he T, es-l(eg) =1(Naspeasp)=0 for
B# —«, ex-lle-a)=1(hs)=0 by the assumption. So e,-I=0 in this case
which proves ii). iii) follows from ii) since by ii) « € 2} iff —« € X;. The
same argument as in the proof of ii) establishes that z.(f) € Zg(l) iff
l(hs)=0, whence iv). To prove v) note that by ii) and iv) Zg(h)°=
=Zg(l2)°=7 which implies that g€ Ng(T).

3.2. LeMMma. %-Q conlains an open subset of G*.

Proor. By 3.1.ii), T is the kernel of the differential of n: ¥ xQ —
— G*(z(g-l)=g-1) at l € 2. Since J is the stabilizer of I, we are done.

3.3. LEmMA. For any le G* one has -1 N B*£0.

Proor. Consider the subset D of G* x /% of pairs (I, #’) such that
%' is a Borel subgroup and I’ ([Lie #’, Lie #'])=0. D is evidently closed.
Since ¥/# is complete, the image of D in G* is closed and by 3.2 it is
open. So D=G* and our assertion follows from the conjugacy of Borel
subgroups.

8.4. Lemma. If l=lL+1l, lieT*, Iy N*, then l; belongs to the closure
of the orbit 7 -1. In particular the closure of any orbit of ¥ in G* intersects
T* and closed orbits consist of semi-simple elements.

Proo¥. The mappings 7 — J -l G G* define a J -invariant mapping
7 k[G*] = k[T | =k[x, 2 ', i=1, 2, ...,r]. It may be assumed that the
x; Vs afford negative characters of J (in the ordering defined by %).
Since the characters of J on N* are also negative we have z(k[G*]) C
Chlzit,i=1,2,...,7]

This means that J — 7 -1 G G* can be extended to a morphism
7: AL =Spec k[xi !, =1, ..., 7] - G*. The point 7%(0) is stable under J~
whence 7(0) € T*. Since J -l;=01 we have 7(0)=Il, as asserted by the
first part of Lemma. The second part follows immediately from 3.3.

10 Indagationes
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3.5. Proor or i). By Rosenlicht’s theorem [6] there exists an open
@-stable subset ¥V C G* such that a geometric quotient V/¥ exists. By
3.2 V can be chosen so that M =V N T*C Q. The quotient V N T*/N 4(7")
exists automatically since it is a quotient for the action of the finite
group W. By 3.4 and 3.1 the embedding M G V induces isomorphism
k[V]Y — k[M]”. Hence we get an isomorphism k(G*)¥ — k(T*)¥ of
fields of rational funections.

Therefore k[G*]¥ — k[T*]¥ is injective. The last step is now the same
as the last step of the proof of Th. II. 3.17" from [7].

3.6. Proor oF ii). By 3.4 it is sufficient to prove that any orbit
%-1, e T*, is closed. Suppose that it is not closed. Then %-1 contains
a closed orbit ¢-1;, and by 3.4 we can take l; € 7*. Then ! and /; cannot
be distinguished by polynomials from k[G*]¥ and by i) by polynomials
from E[T*]W. This is a contradiction since orbits of the finite group W
on T* can be distinguished by invariant polynomials, by Serre’s theorem.

3.7. Proor or iii). Iflis nilpotent one can assume that [ € N*. But
then 0 e Closure of J -I. Hence R(I)=0, VR eck[G*]%. If e G* and
R(l)=0, VREck[G*]%, one can assume that e B*, I=Uj+l, leT*,
ls € N*. Then [; € Closure of 7 -1. Hence R(l;)=0, VR € k[T*]" whence
by Serre’s theorem Il;=0, that is [ € N* as asserted.

3.8. Proor oF iv). By 3.3 one can assume that ! € B*. Let
IT={x € X*: l(hs) = 0}.

Let fi, ..., fm be an ordering of all roots from I7 such that ¢>j; implies
that the height of f; with respect to 4 is greater than the height of f;.
We shall conjugate T' by zs(t), § € I, so that the value of I on the new
e-p will be zero. Suppose that for i=1, 2, ..., m, we achieved the equality
Ue—p)=0, Vi<m, l(ey)=0, Vy>0. Set g(t)=xp,,,(). Then

gt)ey=ey+ ZO As(t) eytopp sy

for y# —fms1 and g(t)e-p, ., =€—p,1+ Ry, —F oy ,y. Since fmi1>0 we
have g(t)-1 € B*. We have further (g(t)-l)(e-5,)=0, i=1, 2, ..., m since the
height of — g+ sBm+1 is not negative for s> 1 so that (g(t)-7)(e-s,) =1(e-p,)
and by the inductive assumptions l(e_g)=0. Finally (g(t)-!)(e-p,,,)=
=tl(hp,, ,)+Ue-p,,,) and since l(hg,,  ,)# 0 the parameter ¢ can be chosen
so that (g(t1)l)(e-p,,,)=0. This completes the induction step and es-
tablishes the existence of a Jordan decomposition.

Unicity is proved in three steps.

i) If leB* be%, =+, is a Jordan decomposition for I, then
b-l1=1 implies b-ly=I;.

Proor. We can assume that Is € T*. Let m=|{x € Z+: l(ka) # 0}|. Con-
sider the map # — Am™ which puts into correspondence to b€ # the
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ex-coordinates, h(x)#0, of b-I. We have a) Zg(l;) is the fiber of this map
over 0 € A™. b) This map is surjective (it follows from the proof of ex-
istence of Jordan decomposition since it is proved there that for any
m-tuple of values {a.} a form ! with I(ex)=a., I(h:)#0, can be brought
into a form with Il(ex)=0 if I(h.)#0). ¢) It is separable (since Zgp(ls) =
=Lie Zg(ls)). Hence the induced map #/Z4(ls) — A" is an isomorphism,
whence our assertion.
ii) If I=Ils+1, is any Jordan decomposition then Z4(1)° C Zg4(l,)°.

Proor. Let 5 be a solvable connected subgroup of Zg(l). Since the
set, of Borel subgroups # such that I([Lie &, Lie #])=0 is closed in ¥/%#
and, consequently, complete, 5# has a fixed point in this set. Hence #
normalizes some % = %(H, l) such that [([Lie %, Lie #])=0. In particular,
H CHH,1). Since I=h-1=h-lI;+h-1, is a Jordan decomposition for I,
we have by i), where we put #=2%(H#,1), that h-l;=1I;5. Since Zg(l)° is
generated by the connected solvable subgroups which it contains, we
have our assertion.

iii) End of the proof of unicity. It follows from 3.1 iii) that
C(Zg(ls)°) C C(Zg4(l)°). Hence the groups C(Zg(l,)°) generate, when I
ranges over the semi-simple parts of /, a connected commutative subgroup
of O(Zg(1)°). By 3.1 iii) this group, say 7 (I), is of multiplicative type.
Now [ is contained in Zg(7 (1))* and all [, belong to Ze(Z (I))* and are
stable under [Z4( (1)), Zg(J (1))]. Since all nilpotent parts are spanned
by ex, where « is a root of Zg4(7 (1)), we should have from L+l =L+,
that l,=1,.

3.9. The proof of v} follows immediately from the definition of Jordan
decomposition and from 3.1 ii), iv).

3.10. Proor orF vii). Take I=Ili+1l, lieT*, I e N*. By 3.4 the irre-
ducible set I; + N* is contained in the same fiber of ¢ as . By 3.3, i) and
the fact that W-invariant polynomials on 7* distinguish points of 7'*,
we have that the set of points of the fiber of I is the orbit of I, + N*
under . Since ¥ x (l1+N*) is irreducible we get our assertion.

8.11. Proor oF vi). Consider R=T], ;+ ks« as a polynomial on T*.
Then T*—Q={l € T*: R(l)=0}. By i) R can be extended to a ¥-invariant
polynomial R e k[G*]. Set @={x e G*: R(x)#0}. We shall prove that
B=%.0. Certainly ¥-Q2 C (3. Let us prove that O C #.Q. Take z e
and let x=x,+z, be its Jordan decomposition. It can be assumed that
x5 € T*, x, € N*. Since R(r)=E(x;) (by 3.4) we have R(w;)=R(xs)#0.
Hence x, € 2. By the definition of a Jordan splitting we have z,=0,
whence z € 2. This proves the first part of vi). To prove the second part
it is sufficient to note that in the case under consideration the set of zeros
of R is the set of walls of a Weyl chamber. They correspond to roots,
and roots of equal length are permuted transitively by W.



144

3.11.1. Remark. It follows from Theorem 4 vi) that a rational
function having no singularities on the set of all semi-simple elements
is regular.

3.12. Let us give now the statement of Th. 2 from [11], adjusted to
all characteristics. So take I € G* and let [=1I;+1, be its Jordan splitting.
Let us suppose (by Theorem 4 this is not a restriction), that ly(h«)+#0
implies ln(ex)=In(e—s)=0. Put X'={x € Z: l(ha)=0}, Zo=2 N QZ". Set
P=T+%, ,ke+2, 5, kes. Then P is a parabolic subalgebra in G.

Let Ui(@) be the quotient of U(G) by the ideal generated by g7 —gl»]1 —
—17(g), ge Q.

THEOREM 5. Let V be a simple U)(G)-module, V' be a simple P-sub-
module of V. Then V=U\(G) Quun V'. In particular,

dim V=p"¥.dim V’,

V' is the unique simple p-submodule of V and the dimension of any simple
Uy(G)-module is divisible by p"=~15"72,

The proof is the same as in [11] since it uses only the properties a)
[ls(ha) # 0 implies ly(€s) =In(e—s)=0] and b) Ga ~ Lie SL(2).

4. LEMMAS ON THE STRUCTURE OF Z

Let 4 be a connected almost simple group. Assume here that either
e X(J) or p#2. (The case p=2, ¥~ 80(2n+1) is excluded since
¢ ¢ X(J) in this case, cf. 2.4).

Let Z be the center of U(Q), Zo be the subalgebra of Z, generated by
gp—gi?l, g€ Q. Then by [12] both Z and Z, are finitely generated, inte-
grally closed and #-stable. The map g — g? —g(?), g€ G, commutes with
the action of 9.

Let us denote for a schema X over k by X7 the same schema twisted
by the Frobenius morphism (the structure sheaf is exponentiated to the
p-th power). Let us denote by A the quotient field of an integral
domain 4.

4.1. LEmMmA. Zo~ k[G*7].

ProoF. (An explicit isomorphism is given in [11], Prop. 1.1). Set
éx=(Adx_s(1))ea=es—hs—e_4. Then e, a € X, &, « €4, form a base of Q.
We have ef'=é?'=0, Vae X By [12], Zo=k[z?— 2, ..., 2B 2],
where {x;} is a base of G. So in our case Zo=k[ek, x € Z, &, « € 4]. Hence
Zy=8(Q?) ~ k[G*?] as asserted.

4.2. LemMA. Z is separable over Zy and [Z: Zo)=p".

Proor. Since dim 7'=r the equation A?—1=1? with 1eT* admits p*
solutions. (Namely the set of solutions is A9+ 7™*(B,), where Ao is one
solution).
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For each such 4 denote by V; the representation of @ with the highest
weight A induced (in the sense of [11], cf. also 3.12) from the one-
dimensional representation of B given by (h+n)(®)=A(k)v, VheT,
Vn e N+. By ([11], Th. 2) (cf. also Th. 5 in 3.12) » is the only eigenvector
(up to scalar multiple) for B in V; if le 2. Hence for IeQ all V,,
Ar—A=I», are irreducible and Vicz V, if A#p, 2 —A=p?—pu=1I». Since
they are irreducible we have: dim V;= pdim ¢—dim B 5(n-1)/2, Since they
are not equivalent and since %-£2 is open (cf. 3.1) we have that the
separable degree of Z over Zy is >p" (cf. [11], [12]). Now by [11] we
should have (dim V3)2-[Z: Z,]< piim ¢ whence our assertion.

REMAREK. In the case of a simply connected group ¢ we can avoid
the use of the complicated Theorem 5. Namely, by existence of the
Steinberg representation (of dimension pdim ¢-dim B) we conclude that
the dimension of representations in general position is > pdim ¢-dim B
On the other hand the same argument as above shows that the separable
degree of Z over Zp is >p", whence our assertion.

4.3. We study here the action of W on points of Spec Z over
Qv C Spec Zy. As in 4.2 we consider those points as representations V;
with the highest weight A € T*, 77 — 1 € 27. (Recall that the V; are induced
from one-dimensional representations.) The action of # on representations
is given by F¢(x)=F(gxg), where F:G — Hom (V, V) is some repre-
sentation. In our case Z enters into the stabilizers of all points of 27
whence the action of Ng(7") factors to an action of W. We shall write
Via for the image of V3 under we W. (The proof below shows the sense
of this notation.) For we W set Z(w)={xe Z+: wlaec X~} and

sw)= Y o
ae Z(w)
LeMMA.
a) w-i=w-1—s(w)

b) 8(w)=g—w-e
c) if weZw(T) then w-A=2, VieT*.

Proor. We shall write V5 to emphasize the dependence of V; on B.
Then we W moves Vi p into Vi zv. Indeed, if v is a highest vector
for Bin V3 p, then (t+n)v=A(t)v for t T, ne N+. Hence (w(t+n)w1)v=
=A(f)-v in Vs p* whence our assertion.

The space Vi, s* has a unique (up to collinearity) elgenvector for B
(since e2=0, Vx in our case). So Vi ¥ =~ Viw,p for some A(w)e T*.
Let v be a non-zero eigenvector for Bv in Vy, g*. It is evident (and easy
to check) that (T, ¢z % ") v is & non-zero eigenvector for B in Ve, 5*.

Then we have t(HaCZ(w) 2l v)= (WA= ez ®) & (Tlaezmm &1 v),
whence w-A=A{w)=w-1—s(w), i.e. a) is proved. b) is easily proved by
the induction beginning with s(ws)=o=p—ws-¢. ¢) follows immediately

from a) and b).
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44, Lemma. [Z9:Z%]=pr.
Proor. The imbedding Z¢ G Z induces a finite %-morphism
@: Spec Z — Spec Zy.

By 4.2 it is separable of degree p. Since (cf. 4.3 c) the stabilizer of I € (4,
acts trivially in the fiber over ! and since %.£; is open in G*, the
morphism of the orbit spaces (in Rosenlicht’s sense [6]) is also separable
and of the same degree as ¢.

4.5. Lemma. The algebras 29, Z%, U(T)W, (U(T) N Zo)7 are inte-
grally closed.

Proor. We shall prove the general assertion: let 4 be an integrally
closed ring and S a group of automorphisms. Then 4% is integrally
closed.

Take d from the integral closure of A% . Then d € A#. Since A is
integrally closed, we have d € A. Therefore de A N A¥ =A. g.ed.

4.6. Lemma. i) Z¥=Z%.
ii)y Z29=Z9.

Proor. Since Zg=k[G*7], part i) follows from the evident fact:

Let V be a vector space (in our case V=G*) and f a rational function
on V invariant under a connected linear group having only trivial charac-
ters. Then f is a quotient of two invariant polynomials.

Let us prove ii). Let 4 be the integral closure of Z¥ in Z¥. Since Z
is integrally closed we have A CZ. Hence A CZ N Z¥9=2%, ie., ACZ%
Therefore A CZ%. On the other hand A=Z¥ (since the quotient field
of the integral closure in a finite extension (Z¥/Z¥ in our case) is that
extension). Adding to the last two relations the evident one Z% C Z¢
we get

ACZ9CZ%=4

whence our assertion.

4.7. Lemma. Zy and Z% generate Z.

Proor. Let Z; be the subalgebra of Z generated by Z, and Z¥. The
inclusions Zy G Z; G Z induce finite separable morphisms

Spec Z LN Spec Z P2, Spec Z,.

Take z €@, (% -21)CSpecZ;. Let {z1,...,m}=g¢;'(z), y=g2(). By
Theorem 4 i) and Rosenlicht’s theorem regular invariants distinguish
orbits in general position on Spec Z. Now Z¥ C Zy, x3, ..., m, are con-
tained in one orbit. Hence %, (the stabilizer of z) permutes them transi-
tively. Evidently ¢, C ;. Since by 4.3. ¢) %, acts trivially on the fiber
over y of @z o 1, the same is true for %,. Hence m=1 as asserted.
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5. LEmMMAS ON y
We assume here that either ¢ € X(J) or p+#2.

51. Lemma. y: U@ — U(T) is a homomorphism of algebras.

Proor. It is sufficient to prove that y; is a homomorphism since
evidently § is one. Let 212; € U(G) and tz¢1=2, Vte Z. Then

u=@id)+ X €8 Piam, Pia,me UG).
*<0
m>0

(The sum is taken over m >0, since z; has zero weight with respect to
and therefore if it contains some ez, £>0, it should be compensated by
some e,, y<0). We have

z1-22=@1(4) pa(4) + @1(2 2 P2v“'m+ze?P1'“’mq)2(l)
+Ye€a P1,a,me§ P2,p,q.

Obviously
'}’1(@1(1) z e'aan,a,m)z’}’I( z e:xnpz,u,m)=0, Pz,a,m="/’m(l) Pz,a,m
m>0 m>0
and also

1( Y €2 P1,a,m@a(1))=0.
m>0
Let us consider y1(ea P1,a,mef P2,,,q) Where a <0, <0, m>0. To compute
it we should bring it into the form Yu,~ u,'" ®;(1). Obviously we shall have
then a sum of expressions of the form e P, 4, where d>%>0. Hence
y1(€a P10, mef P2,p,¢) =0. Therefore yi(z122)=1()- @a(A) =y1(21) - y1(22)-

5.2. LeMMA. For nwe Ng(T), a representative of we W, we have
y(rozng ) =w(y()) w for all zeZ. In particular, y(Z"%'9") C U(T)W.

ProoF. Let z=go(d)+ Yui w gi(l)e Z, ui uit #0. Then z acts as a
scalar multiple of the identity operator upon Vi, A?—1e€ Q (since V3 is
irreducible). We denote the image of z by x,(2)-id. If v is a highest weight
vector for V,, then we evidently have z-v=go(A)v+ (terms, containing
only [Izm,>o0.xez- ef*v). So we have %,(2)=go(d)=y(2). Our assertion
follows now from Lemma 4.3 a) b) Namely by this Lemma and remark
above, nwzne ' =po(w-4)+ Y% %" §i(4), % & #0, and w-i=w(l+0)—

53. Lemma. y:Z% G U(T)W is a monomorphism of algebras.

Proor. By 5.2, y(Z¥%) C U(T)" and by 5.1, y is a homomorphism.
It remains to prove that y(z)=0, z € Z%, implies z=0. By Theorem 4 i),
k[G*]® — k[T*]7 is a monomorphism. Since Z, ~ k[G*?] (cf. 4.1) and
gince y coincides with y; (that is, with the restriction homomorphism)
on Zy, we get that y is a monomorphism on Z¥. Take now z € Z¥, 20,
and set m = p*. Since [Z¥ : Zog ]=m, z satisfies an equation apz™ + ... + ap =0,
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an#0, aye Z¥Z. Applying y to that equation we get by 5.1 the equation
Sy(as) y(z)!=0. Since p(am)#0 (as shown above), we have p(z)#0 as
asserted.

5.4. LemMA. y(Z%)=U(T)V.

Proor. By Zassenbaus’ theorem [12], U(T') is integral over U(T') N Zy.
Hence (cf. 4.5) U(T)% is integral over (U(T) N Zo)%. By Theorem 4 i)
and since y coincides with the restriction homomorphism on Zp we have
(U(T) N Zo)¥ =p(Z¥). Hence U(T)W is integral over »(Z¥). Since Z¥ is
integral over Z¥, U(T)7 is integral over y(Z¥). Evidently

(UMW (U(T) N Zo)¥]<p".
From 4.4, 4.6 and 5.3 we get U(T)" =y(Z¥). Since both U(T)¥ and
y(Z%) are integrally closed we get U(T)¥ =y(Z¥) as desired.

6. PROOF OF THEOREMS 1, 2 AND COROLLARY TO THEOREM 1l

6.1. Theorem 1 is contained in 5.1, 5.4.

6.2. PrOOF OF COROLLARY TO THEOREM 1. Under the assumptions
of that corollary the W-module 7' is irreducible and therefore it is iso-
morphic to the reduction modulo p of the W-module of weights of Z.
By [3] (Cor. of Th. 3) the symmetric algebra over the latter module is
an algebra of polynomials. These two statements together give our
Corollary.

6.3. ProoF oF THEOREM 2. If u=w(i+p)—p, we W;, then ¥ and
%, coincide on Z¥ and on Zy. Therefore the equality x1= 2, follows from 4.7.

Suppose that X1=2X,. By Theorem 1 and since regular invariants dis-
tinguish orbits of finite group on an affine variety, we get u=w(A+9)—p
weW. Let us extend 4 and u from 7' to U(T). Since o(7'(Fp)) CF, and
w-o(T(Bp)) CEyp, the equality w-A=py holds on U(T)N Zy. Restricting
Aa=2Xu to Zg we see A=pu=w(i) on U(T) N Zy, which implies that we W,.

7. REMARK ON THE EXTENSION Z¥|Z%

Suppose that # is connected, almost simple and simply connected.
We shall show that the extension Z% of Z¥ is not Galois if either p+2
or ¢~ SL(2).

Indeed the extension U(T)/U(T) N Z, is normal and

I'=Gal (T(T)[UT) 0 Zo) ~ T*(Ep)

and consists of mappings b € T' — h+1(h), I € T*(B,). (It should be recalled
that U(T) N Zy is generated by h?—h, ke T(F,)). The Weyl group W
acts on I'=T*(B,). Therefore I'x W is an ‘“‘extended Weyl group”. We
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have I'x W=Gal (UT)/(U(T) N Zy)¥). Since W is not a normal sub-
group of I'x W, both extensions U(T)?[(U(T) N Zo)” =2¥|Z¢ are not
normal.

However, in the case p=2, ¥=8L(2) the group acts trivially upon I"
whence the extension is normal. But this was clear from the outset since
[Z9:Z%]1=2 and Z%|ZZ is separable in this case.

8. REMOVING THE ASSUMPTION g € T'*

We discuss below what happens in the case of algebras Lie ¢ excluded
in the preceding sections. In this Section we assume p#2 or ¥ is not
isomorphic to SO(2n+1).

8.1. Theorems 1 and 2 have no sense if ¢ ¢ 7*. However, their state-
ments could be corrected so that they would make sense. Namely, let
us take y; in place of y and define the action of W on U(T) = k[T*]
by the formula w-A=w-1—s8(w). Then a corrected version of Theorem 1 is

THEOREM 1 BIS. If p+#2 or ¥ is not isomorphic to SO(2n+1), then
yi(ZE€)=U(TY¥ and y1: Z% — U(T)Y is an isomorphism.

The proof is the same as that of Theorem 1. However, Lemmas 4.4,
4.7 do not hold in general. To get the result it is sufficient yet to note
that [Z9: ZZ]1=[U(T)?: (UT) N Zo)?] by Lemmas 4.3, 5.2. So 5.4 goes
through.

8.2. If peX(7) and Zw(T)+#1, the action of Zw(T) given by
A — w-2—s(w) induces a nontrivial action of Zw(T) on the fibers of
Spec Z — Spec Zo. By 2.3, 2.4 the group PSp(84+2), d>1, can be taken
as example. We have Zy(T)={+ 1}, w-A=41—2p. By [1], plate III,
20=(4d+1)(2d + 1)xn ¢ 2X(7), whence 20#0. Hence 1 - A—a, is a non-
trivial action of Zw(T) in the fiber over 22—1e XK. So [Z¥9: ZF]=2r1.
The corrected version of Theorem 2 is

TaeoREM 2 BIS. Assume that p+#2 or 4 o~ 8O(2n+1).

a) If Xa=X, then py=w-A—s(w), we Wa.
b) If we Wi, u=w-1—s8(w), then either Xa=2Xu or Xi-z20=2Zp.
c) If either Zw(T)=1 or pe X(T) the case Xi-z,=2%, in b) cannot occur.

9. THE CaSE p=2, ¥ ~8S0(2n+1)

9.1. For S80(2n+1) the whole picture gets distorted already in
Section 3. Namely 3.2 does not hold, that is, semi-simple elements do
not form an open set and Sections 4 and 5 could not be even approached.
And for good reason since it can be easily seen that ¢=73,, .6 ata
(Casimir element) belongs to Z. The extension Zy(q) of Zy is clearly purely
inseparable (since g2 € Zy).
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To prove that ¢ € Z let us remark that g commutes with all eg, 8 short,
and ¢ is invariant under Ng(J). Since Ng(J) acts transitively on long
roots it is sufficient to check that [eg, g]=0 for some long fe 2. So we
can assume ¥=PSp(4), f=002, §=€-0 s+ €-a—ay€a,+ap- We have [es,
€ay+ay]=0. Hence [eay, gl=€—_a, €105+ €—0; €ay+a, =0, as asserted.

It is easy to check that also g€ Z%.

9.2. The proof of Theorem 2 from [11] does not go through for @
since there is an induction based on Lie SL(2).

For Lie PGL(2) irreducible representations with a linear form I such
that I(es)=1I(e—-«)=0 have dimension one ({es, ¢_.} is an ideal and goes
into zero). So in 4.2 we would have dim V3= p-r+dim ¥ which, together
with the non-openness of -2, is an obstruction to our proof.

9.3. The next interesting point is that U(T)Y =(U(T) N Ze)¥. To
show this let us remark first that Zw(T") = (we, & short) (cf. [1], table II).
Since X(J)=%ZX and ZX=3, . . Zx in our case it follows that Zw(T)
acts transitively on the fiber over 1€} of the (separable) map:
Spec U(T) — Spec (U(T) N Zy). So the degree of

Spec U(T)¥ — Spec (U(T) N Zo)

is one as asserted,

9.4. To sum up the deviations of SO(2n+1) for p=2 (about which
we know) we have

a) The G., « short, are Lie PGL(2).

b) #-8 is not open in G*.

c) Z is not separable over Z,.

d) y1: Z% - U(T) has a non-trivial kernel.
e) UMY CU(T)N Z.
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