Proc. Natl. Acad. Sci. USA
Vol. 81, pp. 5278-5279, August 1984
Mathematics

Post-classification version of Jordan’s theorem on finite

linear groups
(finite simple groups/groups of Lie type/algebraic groups)

Boris WEISFEILER
Pennsylvania State University, University Park, PA 16802

Communicated by Barry Mazur, March 26, 1984

ABSTRACT Using classification of finite simple groups, 1
show that a finite subgroup G of GL,(C), where C = the com-
plex numbers, contains a conimutative normal subgroup M of
index at most (z + 1)!#°#"*®, Moreovet, if G is primitive and
does not contain normal subgroups that are direct products of
large altérnating groups, then the factor (» + 1)! can be
dropped. I further show that similar statements hold also in
characteristics p = 2, if one takes M to be an extension of a
group of Lie type of characteristic p by a solvable group that
has a normal p-subgroup with commutative p’-quotient. These
results improve the celebrated theorems of Jordan and of
Brauer and Feit.

1. C.Jordan’s theorem says that there exists a function f : N
— N (from natural numbers to natural numbers) such that
any finite subgroup of GL,(C) contains a normal commuta-
tive subgroup of index = f(n).

R. Brauer and W. Feit (1) generalized Jordan’s theorem to
fields k of characteristic p = 2. They constructed a function
F: N X N x N — N such that any finite subgroup H of
GL,(k) contains a commutative normal p’-subgroup A of in-
dex = F(p, n, r) if p"** | H. 1t is classically known that de-
pendence on p and r cannot be excluded: the tower of groups
GL,(F,i), in which i = 1, 2, ..., furnishés an example. M.
Nori (personal communication) recently discovered a result
that can be considered as a conceptual refinement of a par-
ticular case of Brauer-Feit theorem; both his result and
methods apply only to subgroups of GL,(F,) with p large and
depending on n. The present work was inspired by this result
of Nori. I remove the above-mentioned restrictions (by a dif-
ferent method) and show that only normal p-subgroups and
finite simple groups of Lie type and of characteristic p are
responsible for the difference between characteristic 0 and
characteristic p = 2.

2. For afield k, let p = p(k) denote its characteristic expo-
nent (p = 1if char k = 0 and p = char k otherwise). A 1-
group and a group of characteristic 1 are both trivial, where-
as a 1’-group is an arbitrary group. I use “group of Lie p-
type” in place of “group of Lie type and of characteristic p.”
For a group M I denote Aut M and Out M, respectively, as
the automorphism group and the group of outer automor-
phisms of M and use Zy(R) for the centralizer and Ny (R)
for the normalizer in M of a subset R of M. For p, a prime
0,(M) denotes the largest normal p-torsion subgroup of M;
we say that M is a p'/p-group if M/O,(M) is a commutative
p'-group. The symmetric and alternating groups on n letters
are denoted Sym,, and Alt,; log denotes log;.

3. The main result is Theorem 1.

THEOREM 1. For every field k with p = p(k) and every
finite subgroup H of GL,(K) there exist
(i) a normal p’/p-subgroup T of H;
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(ii) @ normal subgroup B of H, B D O,(H), with B/Oy(H)
isomorphic to a central extension of a direct product of
groups Alt,, i =1, ..., t,m; Z 8, 2' IT i<, [(m; — 2)/3] = n;
(iii) a normal subgroup L of H, L 2 O,(H), with L/Oy(H)
isomorphic to a central extension of a direct product of finite
simple groups L; of Lie p-type,i =1, ..., m, with m = log
Q@7'n/M i [(m; = 2)/3]); and

(iv) @ homomorphism ¢ : H — Sym,, such that

(a) ker ¢ C TBL,

(b) [H/TL| = g(n) [(3n + 9)/2]!, and

(c) if H is primitive, then |ker ¢/TBL| = g(n), where g(n) =
n8allogn+b o = (log 3 — 1)}, and b is an appropriate con-
stant.

Remark. (i) This result implies one of R. Brauer and W.
Feit with F(p, n, r) = p” g(n) [(3n + 9)/2]!. H. Bass’ general-
ization (2) of Jordan’s theorem can be formulated also simi-
larly to Theorem 1. (ii) It should be possible to replace [(3n +
9)/2] in Theorem 1 part b by (n + 2). (iii) A better bound is
known for solvable groups (see ref. 3).

In characteristic 0, these methods give a better result.

THEOREM 2. Let H be a finite subgroup of GL,(C). Then
there exist
(i) a normal commutative subgroup A of H;

(ii) a normal subgroup B of H isomorphic to a direct product
of groups Alty,i=1, ..., t, m; Z 8, I <j< (m; — 1) = n; and
(iii) a homorphism ¢ : H — Sym,, such that

(a) ker ¢ D AB,

(b) [H/A| = go(n)(n + 1)!, and

(c) if H is primitive then |ker ¢/AB| = go(n) where go(n) =
g(n)n® with an appropriate constant b'.

Theorems 1 and 2 can be further sharpened if one intro-
duces additional parameters into the statements or in the es-
timates. The proof can be followed through for any particu-
lar n, with the result being a description of finite linear
groups of degree n; there is a large literature on this subject
(see section 13 of ref. 4). In a different direction my results
can be viewed as generalizations of some results of R.
Brauer, W. Feit, J. H. Lindsey, D. A. Sibley, and others
(see, e.g., section 10 of ref. 4).

Further, using Theorem 2 (or the ideas used in its proof),
one can obtain that there is an n(r) such that the subgroup
(Sym,i+1)” X Sym, of PGL,r(C) [with (Sym,.,)" embedded
via ¢®, where ¢ is the faithful irreducible representation of
Sym,, of degree n and where Sym, permutes the factors] is a
maximal finite subgroup of PGL,r(C) if n = n(r). There are,
clearly, other statements of the same kind that also follow
from Theorem 2. In this connection, see ref. 4, the end of
section 14, and, for r = 1, see ref. 5.

4. In the proof of Theorems I and 2 we use Propositions 1,
2, and 3.

PROPOSITION 1. There exists a finite list Lst of isomor-
phism classes of finite simple groups of Lie type such that
for any n, every finite set py, ..., pr of primes, every set L, i
=1, ..., T, of finite simple groups of Lie p;-type that are not
isomorphic to groups from Lst, and a faithful irreducible
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projective representation of L, X ... X L, of degree =n over
a field k, the following hold:
Q) Ifp; # pk),i=1,..,r, then
(a) |Ll X ... X Lrl < n8c’logn+11+2a and
(b) Out (L, X ... X L,) is isomorphic to a subgroup of Sym,;
and
(i) ifpi=pk),i=1,..,r, then NGL,,(k)(nLi)/ Zgp (o(I1L)-
IIL; is isomorphic to a subgroup of Sym,,.

PROPOSITION 2. Let k be a field. If Altm, X ... X Alty,, m;
Z 8,i =1, ..., t has over K a faithful irreducible projective
representation of degree n, then

Aut(Alty, X ... x Altn)| = [(3n + 9)/2]!

PRrOPOSITION 3 (see ref. 6, section 44). If Alt,, m = 8, has
a faithful irreducible projective representation of degree n
over C, then m = n + 1. Moreover, if this representation
does not lift to a linear representation of Alt,, thenm = 1 +
2 log n.

5. I now describe how Theorems 1 and 2 follow from
Propositions 1-3. Let H be a finite subgroup of GL,(k),
where k is a field that can be assumed to be algebraically
closed. Write V for k. Let Vo = VD V; ... DV, = {0} be a
Jordan-Holder sequence for the H-module V. We have ho-
momorphisms &; : H— GL(V,_1/V;),i =1, ..., s. Then ®h; :
H — IIGL(V;_,/V;). We have ker(®h;) = O,(H). Therefore,
if we prove Theorems 1 and 2 for (Ph;)(H), the general form
will follow immediately. Set V; = V,_,/V;,i=1, .... Let T,
B;, L(;), and ¢); be the objects claimed by Theorem 1 for h;(H)
C GL(V)). Set T = Nh™X(Ty), B = Nh™X(B;), L = Nh~ (L),
and ¢ = D¢;. Then T, B, L, and ¢ have properties i—iv
and a of Theorem 1. Set G,(x) = T((Gx + 11)/2)
xBeloex+a 1n view of the dominant growth of the I-function,
for every a € R, a > 1, there exists a ¢ = c(a) € R such that
NG,(x;) = Gu4c(x;) if x; = 2. Thus, if Theorem 1 holds for
irreducible V, it holds for all V (with an appropriatély larger
b). Suppose that H is imprimitive. Let V = @,;=, V! be a
minimal imprimitivity system for H on V. This gives us a
homomorphism w : H — Sym,. Let W;, i = 1, ..., r, be an
irreducible ker w-submodule of V7. An argument similar to
one we used to pass to irreducible modules shows that it is
enough to consider the restriction of ker w to W;.

Thus, we can assume that H is primitive. Take then T to be
the center of H. Let S be the socle of H/T. Let S, and S,
be its commutative factor and its complement. Let S,, and
Snab be their preimages in H. One easily sees (as in ref. 7, for
example) that S,;, is a central product of an extra-special
group and 7. Then S,, = d? for some integer d and the S,,-
module V is a multiple of a simple d-dimensional S,,-mod-
ule. Write d = p{' ... p? where the p; are different primes.
The action of H on itself by conjugation defines a homomor-
phism o' : H— AutyS,, the group of automorphisms trivial
on T; AutpSyy, is a subgroup of S, % Iy <<, Sp24(F,). Thus,
|H/ker o'| = |AutsSy| = d? Miais, p?4*% = d? (TIp)
(IIp?aymaxai < g3+208d We turn to Spyp NOW. Let Sy, ..., S,
be the simple components of S,,. Assume that Si = Alt,,, m;
z28,i=1,...,u,that S;,i = u; + 1, ..., u are simple finite
groups of Lie p'-type, and that S;, i = u; + 1, ..., u are spo-
radic finite simple groups or groups Alt,, 5 h =7 or groups
from Lst. One easily sees that the orders of Aut S, i = u; +
1, ..., u are bounded by v, where v is the maximum of the
orders of the automorphism groups of the sporadic simple
groups. Therefore [I1, <;<, Aut S| = 18" = plosv,

The action of H on itself by conjugation determines a ho-
momorphism " : H — Aut S, and, by composition, a ho-
momorphism & : H — Out Sy,.p. We clearly have ker ' N
ker o' = T. Now Theorem 1 in the primitive case follows
from the above discussion and Propositions 1 and 2 with b =
11 + 2a + log v.

Theorem 2 follows from the similar argument. We only
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have to separate among KT 3’]1 those whose preimage in
H is isomorphic to §; X T. For the remaining ones, we have a
logarithmic estimate from Proposition 3.

6. I now outline proofs of Propositions I and 2. Let L be a
finite simple group of Lie p-type over a field F,, where g is a
power of p, let d be the dimension of the corresponding alge-
braic group G, and let ¢ be the order of the schematic center
of G. By inspection of the table on p. 419 of ref. 8, we see
that but for a finite number of exceptions which we include
in Lst, the degrees of faithful irreducible projective represen-
tations of L are bounded from below by (g% — 1)/2 for an
appropriate b. It is known (or can be obtained by inspection
of orders of such groups) that |L| = g¢. Next one has d = 2b?
+ b + 11. Therefore, in conditions of Proposition 1, |L; X ...
x L| = Mg#i*4* 1 and 27'TI(q% — 1) = n. The latter in-
equality implies that [lg? = n’. As in the proof of the esti-
mate for Sap, this gives |L| = n®*1087*2a+11 "Thjs is the claim
of Proposition 1 part ia. Now Proposition 1 part ib follows
from the above estimates and the description in ref. 9 of the
automorphism groups of finite simple groups of Lie p-type.
Part ii of Proposition 1 also follows from the description of
automorphism groups together with an observation that
presence in Ngp )(Li)/ZcL,w(L:) of graph and field auto-
morphisms imposes strong restrictions on the highest weight
of the corresponding representation of the algebraic group
associated to L;. This permits one to improve an estimate
from below on the contribution to n from the irreducible
component of L;; then it is easy to see that Sym,, has enough
room tp contain Ngr, w(I1L;)/ZgL 4(TIL;)TIL;.

To prove Proposition 2, we take a prime p # 2 and consid-
er the subgroup R in Alt,, generated by the [(h — 2)/p] cycles
a,...p,(p +1,..,2p), .... Since the Schur multiplier of
Alty, h = 8, is 2 (see ref. 6), R lifts to a subgroup R isomor-
phic to R, of the universal cover Alt,, of Alt,. Then N, A, (R)
acts on R in the same way as Nsym,(R) acts on R. Using the
Clifford theory, we see that dimension of a faithful irreduc-
ible projective representation of Alt,, is not smaller than the
length of the shortest nontrivial orbit of Nsym,(R) on R; one
easily sees that this length is (p — 1)[(k — 2)/p]. Thus, if p #
char k, we have an estimate Z(p — 1)[(h — 2)/p] on dimen-
sions of faithful irreducible projective representation of Alt,,
over k. In general, one has to look over different primes. It
turns out that the case p = 3 can always be taken for the
estimate. This gives us Proposition 2 in the case t = 1. Ex-
tension to the general case is straightforward; the estimates
still hold because of very fast growth of factorials (or I-func-
tions).

Note Added in Proof. I can now prove analogs of Theorems I and 2
with B/O,(H), a direct product of alternating groups, and with n + 2
(resp 2, resp 60) instead of [(3n + 9)/2] (resp 8a?, resp b). The details
are, however, much more involved.
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